It is proved the restriction of any supercharacter of a finite group of triangular type on its subgroup is a sum of supercharacters with nonnegative integer coefficients. We define a superinduction and prove the analog of Frobenius reciprocity formula for supercharacters.
Introduction
The problem of classification of irreducible characters (representations) is the main problem in the representation theory of finite groups. It is well known that a character is constant on conjugacy classes, the number of irreducible characters is equal to the number of conjugacy classes. The values of irreducible characters on conjugacy classes form the quadratic table which  is called a character table. However, for some finite groups, like the unitriangular group UT(n, F q ), the problem of classification of irreducible characters is a very complicated, "wild" problem. In the paper, [1] P.Diaconis and I.Isaaks proposed the concept of a supercharacter theory. Roughly speeking a supercharacter theory is a first approximation of the theory of irreducible characters. Together with supercharacters there are defined superclasses; the values of supercharacters are constant on superclasses and form the quadratic table, which is called a supercharacter table. Originally, any finite group have several supercharacter theories; preference is given to the supercharacter theory that produces better approximation of the theory of irreducible characters.
Historically, the first nontrivial example of a supercharacter theory was the theory of basic characters of UT(n, F q ) constructed in the series of papers of K.Andre [2, 3, 4, 5] (see also [6] ). In the paper [1] , P.Diaconis and I.Isaaks constructed the supercharacter theory for algebra groups (see example 2.5) which generalizes the Andre theory. Many papers were devoted to investigating different supercharacter theories. Highlight a few of them: supercharacter theory for abelian groups with application to the number theory [13, 14] , superinduction for algebra groups [15, 16, 17] , application to the problem of random walking on groups [11] , supercharacter theory for semidirect products [12] . There is the bibliography on this topic in the paper [10] .
Notice that for algebra groups the restriction of a supercharacter on its algebra subgroup is a sum of supercharacters with nonnegative integer coefficients. At the same time, in general, the induced character from a supercharacter is not a sum of supercharacters of group (even with complex coefficients). But if you change induction by superinduction, then the constructed character will be the sum of supercharacters (with nonnegative rational coefficients), and there is an analog of Frobenius reciprocity theorem (see [1] ).
In the papers [7, 8] , there were constructed a supercharacter theory for finite groups of triangular type that generalizes the theory of P.Diaconis and I.Isaaks. A goal of this paper is to transfer the mentioned statements on restriction and superinduction for algebra groups to the case of finite groups of triangular type. The main results are formulated in theorems 4.5 and 5.1.
Overview of supercharacter theory
Let G be a group, 1 ∈ G be the unit element, Irr(G) be the set of irreducible characters (representations) of the group G. Suppose that we have two partitions
Notice that the number of components of these partitions are common. To each X i we correspond the character of group G by the formula
X i the support of the character χ i (i.e., the set of all irreducible components of χ i ). Then the following conditions are equivalent: 1) {1} ∈ K, 2) the system of subsets X = {X i } form a partition of Irr(G); two partitions X and K defines a supercharacter theory of the group G. Moreover, each χ i is up to a constant factor equal to σ i . Simplifying language, we refer to χ i as supercharacters.
Example 2.3. The system of irreducible characters {χ i } and the system of conjugacy classes {K i }. Example 2.4. Two supercharacters χ 1 = 1 G , χ 2 = ρ − 1 G (here ρ is a character of the regular representation) and two superclasses
The supercharacter table has the form
Example 2.5. The supercharacter theory for algebra groups [1] (see also [9] ). By definition, an algebra group is a group G = 1 + J, where J is an associative finite dimensional nilpotent algebra over the finite field k = F q . The superclass of the element 1 + x is defined as 1 + ω, where ω is a left-right G × G-orbit of the element x ∈ J. There are also right and left actions of the group G on the dual space J * defined by the formulas λg(x) = λ(gx) and gλ(x) = λ(xg). Let G λ,right be the stabilizer of λ ∈ J * with respect to the right action of G on J * . Fix a nontrivial character t → ε t of the additive group F q with values in the multiplicative group C * . The function ξ :
is a linear character (one dimensional representation) of the group G λ,right . A supercharacter of the algebra group G is the induced character
The systems of supercharacters {χ λ } and superclasses {1 + GxG}, where λ and x run through the systems of double G × G-orbits in J It is proved in the paper [1] that the restriction of supercharacter χ λ on the algebra subgroup G ′ is a sum of supercharacters of the subgroup G ′ with nonnegative integer coefficients.
Suppose that φ is a superclass function on G ′ (i.e., the function constant on superclasses of G ′ ). Extend φ to the functionφ on G letting it equal to zero outer G ′ . By definition, a superinduction of φ is a function SInd φ on the group G defined as follows
Easy to see that SInd φ(1 + x) is a superclass function on the group G. There is the standard scalar product on the group G (and G ′ ) defined as
The following theorem is an supercharacter analog of the Frobenius reciprocity theorem for algebra groups. Theorem 2.6 [1] . Let φ be a superclass function on G
′
, and ψ be a superclass function on G. Then (SInd φ, ψ) = (φ, Res ψ).
Supercharacters of finite groups of triangular type
In this section, we highlight the supercharacter theory for finite groups of triangular type constructed by the author in the papers [7, 8] .
Let H be a group, and J is an associative algebra over a field k. Suppose that there defined the left h, x → hx and the right h, x → xh linear actions of the group H on J. Assume that for every h ∈ H and x, y ∈ J the following conditions are fulfilled:
2. x(hy) = (xh)y.
On the set
we define an operation of multiplication
If J is a nilpotent algebra over the field k, then G is a group with respect to operation (5) . If the group H is finite, the field k is finite, and J is finite dimensional algebra over the field k, then the group G is finite. Definition 3.1. Under all these conditions we call the group G a finite group of triangular type if the group H is abelian and char k does not divide |H|. Let G = H + J be a finite group of triangular type. The group algebra kH is commutative and semisimple (according to Maschke's theorem). Therefore, kH is a sum of fields. There exists a system of primitive idempotents {e 1 , . . . , e n } such that
where k 1 , . . . , k n are field extensions of k. Any idempotent in kH is a sum of primitive idempotents. The direct sum A = kH ⊕ J has an algebra structure with respect to the multiplication (5). The group G is a subgroup of the group A * of invertible elements of A, which is considered in the Example 3.4. Observe that the group G decomposes into a product G = HN of the subgroup H and the normal subgroup N = 1 + J that is an algebra group. Example 3.2. Algebra group G = 1 + J.
Example 3.4. Let A be an associative unital finite dimensional algebra of reduced type over the finite field F q of q elements [18, §6.6] . By definition, the algebra A is reduced if its factor algebra with respect to the radical J = J(A) is a direct sum of division algebras. According to Wedderburn's theorem [18, §13.6], any division algebra over a finite field is commutative. Then the algebra A/J is commutative. There exists a semisimple subalgebra S such that A = S ⊕ J (see [18, §11.6] ). In our case, S is commutative. The group G = A * on the invertible elements of A is a finite group of triangular type G = H + J, where H = S * . If A is the algebra of triangular matrices, then G = T(n, F q ) is the triangular group.
Let G = H + J be a finite group of triangular type. Consider the group G of triples τ = (t, a, b), where t ∈ H, a, b ∈ N , with operation
The group G acts on J as follows
In the dual space J * a representation of the group G is defined as usual
In the space J * there are also left and right linear actions of the group G by the formulas bλ(x) = λ(xb) and λa(x) = λ(ax). Then ρ τ (λ) = tbλa
For any idempotent e ∈ kH we denote by A e the subalgebra eAe. The subalgebra J e = eJe ⊂ J is a radical in A e . Denote e ′ = 1 − e. There is a the Pierce decomposition
The dual space J * e is identified with the subspace in J * that consists of all linear forms equal to zero on all components of the Pierce decomposition except the first one. Observe that since the group H is abelian, we have he = eh = ehe for all h ∈ H. The subset H e = eHe is a subgroup in the algebra of invertible elements of the algebra A e . The group G e = eGe = H e + J e is a group of triangular type; and it is associated with the algebra A e in the same way as G is associated with A. The map h → he is a homomorphism of the group H onto H e , its kernel is the subgroup H(e) = {h ∈ H : he = e}.
The following definition and the one of [7, 8] differs in form, but equivalent. Definition 3.5. We say that a ρ G -orbit O is singular (with respect to H) if O ∩ J e = ∅ for some idempotent e = 1 in kH. Otherwise, the orbit O is called regular (with respect to H). Elements of singular (regular) orbits are called singular (regular). Similarly defined singular and regular orbits and elements in J * . The subgroup H(e) admits the following characterization. Proposition 3.6 [8, Lemma 2.5]. 1) H(e) = H y,right ∩ H y,left for any regular (with respect to H e ) element y ∈ J e . 2) H(e) = H λ,right ∩ H λ,left for any regular (with respect to H e ) element λ ∈ J * e . It is proved in the papers [7, 8] that for any G-orbit O in J the following statements are true. Proposition 3.7. 1) The intersection O ∩ J e is an G e -orbit in J e for any idempotent e ∈ kH.
2) There exists a unique idempotent e ∈ kH such that O ∩ J e is a regular G e -orbit in J e (with respect to H e ). Similar statements are true for G-orbits in J * . Well known that for any finite transformation group of finite dimensional linear space V defined over a finite field, the numbers of orbits in V and Turn to a definition of superclasses in the group G. For each g ∈ G and (t, a, n) ∈ G consider the element
The formula (8) 
Denote by A the set of triples α = (e, θ, ω * ), where e is an idempotent in kH, θ is a linear character (one dimensional representation) of the subgroup H(e), and ω * is a regular (with respect to H(e)) G e -orbit in J * e . Since the subgroup H(e) is abelian, the number of its linear characters is equal to the number of its elements. The number of regular (with respect to H e ) G e -orbits in J e and J * e are equal. Therefore |A| = |B|. Turn to a construction of supercharacters. Let α = (e, θ, ω * ) ∈ A, choose λ ∈ ω * . Consider the subgroup G α = H(e) · N λ,right , where N λ,right is a stabilizer for λ of the right action of N = 1 + J on J * . Any element g ∈ G α can be presented in the form g = h + x, where hλ = λh = λ and λ(xJ) = 0. Hence
Fix a nontrivial character t → ε t of the additive group F q with values in multiplicative group C * . By given a triple α = (e, θ, ω * ) and λ ∈ ω * , define a linear character of the subgroup G α by the formula
where g = h + x, h ∈ H(e) x ∈ J λ,right . The induced character
is called a supercharacter. 
. Since A is a nilpotent algebra, A n+1 = 0 for some n. Then Let χ α be a supercharacter of the group G = H + J constructed by the triple α = (e, θ, ω). 
where
and s runs through the set of representatives of double cosets G ′ \G/G α . It is sufficient to prove that each character included in the sum (12) is a sum of supercharacters.
Under conditions of Case 1, we consider that s belongs to H and runs through the set of representatives of the cosets of the subgroup generated by H(e) and H
Letē be the least idempotent in kH ′ that e. Show that the subgroup H(e) ∩ H ′ coincides with
From Proposition 3.6 we see that H(e) ∩ H 
where J . Recall that G α = H(e) + J λ,right , where H(e) = {h ∈ H : he = eh = e} and J λ,right = {y ∈ J : λ(yJ) = 0}.
We can consider the representative s of G ′ \G/G α runs through 1 + W ⊂ N e . Hence for any h ∈ H(e) we obtain sh = (1 + ewe)h = h + eweh = h + ewe = h + hewe = h(1 + ewe) = hs. Therefore sH(e)s Denote µ = sλs −1
. As λ, the element µ belongs to J * e . Likewise (10), the subgroup G (s) α = H(e) + J µ,right has the character ξ θ,µ . We obtain G (s)
The formula (12) has the form
where µ ∈ J * e runs through {sλs −1 : s = 1 + W }.
It is sufficient to prove that each summand in (15) The subalgebras A and B may differ only by their components in J e = J 11 . Indeed, the components e Since B ⊂ A, the subgroup H(e)+B is contained in the subgroup H(e)+A. Then
. (16) Decompose the character φ θ,µ ′ = Ind(ξ θ,µ , H(e)+B, H(e)+A) into irreducible components. Let F stands for the set of allν ∈ A * such thatν| B = µ| B . Observe that anyν ∈ F annihilates each Pierce component of algebra A except the first one (since this components belong to B, and µ ∈ J e annihilates them). As H(e) acts trivially on the first Pierce component, we verifyν(hy) =ν(yh) = ν(y) for each h ∈ H(e).
Let us show that
Moreover, for anyν ∈ F , we obtainν(y 1 y 2 ) = µ(y 1 y 2 ) = µ ′ (y 1 y 2 ) = 0. The following formula
defines a linear character of the subgroup H(e) + A. Really, let g 1 = h 1 + y 1 and g 2 = h 2 + y 2 , where h 1 , h 2 ∈ H(e) and y 1 , y 2 ∈ A. Then
Any character ξ θ,ν being restricted on H(e) + B coincides with ξ θ,µ . By the Frobenius reciprocity theorem, each ξ θ,ν ,ν ∈ F is included in φ θ,µ ′ . The number of elements of F coincides with the degree of character φ θ,µ ′ . Therefore
Substituting in (16), we obtain
Let us show that each summand of this sum is a sum of supercharacters.
, for anyν ∈ F there exists ν ∈ J * that is equal toν being restricted to A, and is equal to µ being restricted to J µ,right . As µ andν are equal on all Pierce components except the first one, we can choose ν ∈ J e . The difference ν − µ annihilates on J µ,right . The Lemma 4.3 implies that ν − µ ∈ Jµ. Since ν, µ ∈ J e , we have ν − µ = eνe − eµe = e(ν − µ)e ∈ eJµe = eJeµ.
That is ν − µ ∈ J e µ, and ν ∈ N e µ, where N e = 1 + J e . It is also true the opposite: if ν ∈ N e µ, then ν| B = µ
We consider that G ′ \G/G α is represented by the elements s = 1 + z, where z ∈ W 0 . Let us calculate sG α s are components in decomposition (19) . Therefore, sgs , where h ∈ F , and sxs 
